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Three-Dimensional Supersonic
Corner Flows
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Introduction

OMPUTATION of the three-dimensional supersonic

flow over an axial corner (Fig. 1) has recently received
extensive investigation. ! As shown in Ref. 4, the computed
results, using the program developed in Refs. 2 and 3, closely
predict the experimental measurements of surface pressure,
skin friction, and heat transfer, as well as the details of the
flowfield structure for a wide range of Mach number,
Reynolds number, and shock strength. All of those studies 1+
were based upon the complete Navier-Stokes equations.
However, in high-Reynolds-number flows, the viscous effects
are confined to a region near the wall boundary and are
dominated by the viscous terms associated with the strain rate
in the direction normal to the wall. The viscous terms with the
strain rates along the body are comparatively small and in-
significant. This concept was first discussed by Prandtl in the
development of boundary-layer theory and has been applied
and extended to various problems. The recent development of
the thin-layer approximation® is based on this concept, with
the retention of unsteady and all inviscid terms of the Navier-
Stokes equations. This approximation has been tested in the
calculation of many flow problems, - and the results confirm
its validity and applicability.

The purpose of this Note is to extend the thin-layer ap-
proximation to an axial corner that is formed by the in-
tersection of two perpendicular plates, one of which has an
inclination angle o with respect to the freestream (Fig. 1).

Analysis

Thin-Layer Approximation

The computational domain is described in Ref. 3. The mesh
is equally spaced in the x direction. In both y and z directions,
a fine mesh spacing is used in the regions near the wall,
0<y<y, and 0=z<z,, to resolve the viscous effects, and
coarse mesh spacing is used in the outer regions, y,sy=<y,
and z,<z=<z,, where viscous effects are negligible. Both the
fine and coarse meshes are stretched geometrically with
different stretching constants.

The basic equations of the present analysis are the time-
dependent compressible Navier-Stokes equations, written in
conservative form
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Urepresents the conservative variables (p,pu,pv,pw,pE); F,G,

-and H are the transport inviscid fluxes; and F,,G,, and H,

pgre the corresponding transport viscous fluxes in the x,y, and
¢ directions, respectively. Equation (1) is valid for laminar as
well as for turbulent flow with the addition of a modeled eddy
viscosity. In the present study, the viscous effects are
dominated either by the wall at =0 as { becomes large, or by
the wall at {=0 as » becomes large, or by both walls near the
corner region. To form the thin-layer approximation, we 1)
retain all the inviscid fluxes, F,G, and H; 2) neglect all the
viscous terms associated with velocity gradients in the ¢
direction; and 3) in % and ¢ directions, neglect all cross
derivatives, while retaining second-order derivatives of 4 and
$ 8%2/892 in (G, — F,tanf) /34, and 82/9¢2 in dH,/d¢. This
results in the thin-layer approximation Navier-Stokes

‘equations as follows:
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and p is the molecular viscosity, € the turbulent eddy viscosity,
Pr the Prandtl number, Pr, the turbulent Prandtl number, vy
the ratio of specific heats, and e; the internal energy. Note
that 0., #0,, and 0,, # 0, and the neglected cross derivatives
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Fig. 1 Three-dimensional compression corner and swept shock
wave.

can be of the same order of magnitude as the retained
derivatives in (d/0,) (G, —F,tanf) or (3/8{)H, near the
axial corner. But, while both p—small and {—small, the
velocity components v’ and w, as well as their gradients, are
small. Moreover, the flow contains comparatively very low
momentum. Therefore, the neglect of cross derivatives will
not significantly affect the general features of the flow.

Numerical Procedure

Equation (2) is then split into three groups corresponding to
the coordinate directions for treatment by three operators,
viz., ’
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The conventional two-step explicit MacCormack scheme !°
is used in the L, operator and in the L, and L, operators for
their corresponding outer coarse mesh regions

L (0=yy,0-24), L, (¥;=y4,0-2), L (0—yp,2,—24)

where the arguments inside the parentheses indicate the
regions in which the operators are applied. In the inner
regions, the L, and L. operators are split further into
hyperbolic and parabolic operators for the inviscid and
viscous terms, e.g.,

Hyperbolic Operators:
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Parabolic Operators:
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Parabolic Operators:
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The inviscid hyperbolic operators L, and L, are the same as
those discussed in Ref. 2. To account for the viscous terms in

the inner region, the L, operator can be rewritten as
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and » is a viscosity parameter equal to (u+¢) for elements
u',w,u’?, and w?, equal to 2u+2e+\) for elements v’ and
v’'?, and equal to (yu/Pr)+ (ve/Pr,) for the element e;.
There is a similar formula for the L, operator. To solve Eq.
(3), the method is the same as that discussed in Ref. 2, except
here elements in the right-hand side (A) are simpler. Details of
the numerical procedures, boundary conditions, and tur-
bulent modeling are described in Refs. 2, 3, and 11.
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Resuits and Remarks

The computer code developed in Ref. 3 is modified for the
thin-layer approximation, and a case with Mach 5.9 and a
wedge angle of 6 deg has been computed. Using the previous
‘“‘asymptotic steady-state’’ as an initial condition, the solution
is advanced another 100 time-steps for both programs (with
and without the thin-layer approximation). The results from
the thin-layer approximation are quite close to those from the
complete Navier-Stokes equations. Table 1 gives a com-
parison of the present results for surface pressure and heat
transfer with the Navier-Stokes solution given in Fig. 6 of
Ref. 3. Good agreement is also seen in other main flowfield
features such as u velocity, density, and temperature profiles
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Table 1 Surface pressure and heat transfer with and
without thin-layer approximation at x/L =1.763 and y, =2.42 cm

Location PP Cp % 103
J Yy Thin layer N-§ Thin layer N-8
2 0.0012 2.4508 2.4499 0.11371 0.11547
4 0.0071 2.4537 2.4528 0.34199 0.34291
6 0.0162 2.4536 2.4526 0.64163 0.64281
8 0.0303 2.4536 2.4528 0.96663 0.96823
10 0.0519 2.4484 2.4489 1.3007 1.3023
12 0.0855 2.4452 2.4457 1.7574 1.7545
14 0.1372 2.4184 2.4207 2.2502 2.2460
16 0.2170 2.3830 2.3863 2.7809 2.75%4
18 0.3402 2.3026 2.3068 2.9593 2.9598
20 0.6825 1.7857 1.7890 2.2970 2.3124
22 1.0885 1.5898 1.5846 1.1604 1.1648
24 1.4945 1.4992 1.4923 0.78808 0.77688
26 1.9004 1.3079 1.3025 0.72066 0.71207
28 2.3064 1.1197 1.1182 0.84620 0.84633
30 2.7124 1.0684 1.0680 0.92017 0.92203
32 3.1183 1.0599 1.0599 0.92980 0.93131
34 3.5243 1.0582 1.0582 0.93241 0.93387

(not shown here). The good agreement is not surprising since
the thin-layer approximation not only retains the most
dominant terms

(+)(@+a_2_u>
pre am? " ap

in the streamwise momentum equation, but also retains the
so-called ‘‘second-order boundary-layer terms’’ as derived in
Ref. 12 for an incompressible flow. For this test case, the
boundary layer near the corner is very thin (see Ref. 3), and
the thin-layer approximation is expected to provide an ac-
curate solution. In the present study, for 100 time-steps with a
(21 %X 36 x 32) mesh, 1266 s of computation time are required
on a CDC 7600 for the thin-layer approximation, and 1524 s
(20% more) for the unmodified complete Navier-Stokes
solution.
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In summary, this Note has demonstrated one method for
extending the thin-layer approximation to an axial corner
flow where the viscous effects are dominated by two per-
pendicular walls. In addition, it has been shown that it is not
necessary to solve the complete Navier-Stokes equations for a
three-dimensional, high-Reynolds-number corner flow.
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